Approximate analytical bound state solutions of the radial Schrödinger equation are studied for a two-term diatomic molecular potential in terms of the hypergeometric functions for the cases where q ≥ 1 and q = 0. The energy eigenvalues and the corresponding normalized wave functions of the Manning-Rosen potential, the 'standard' Hulthén potential and the generalized Morse potential are briefly studied as special cases. It is observed that our analytical results are the same with the ones obtained before.
I. INTRODUCTION
In this letter, we study the bound state solutions of a diatomic molecular potential having the form V (r, β, q) = −V 0 e −βr 1 − qe −βr + V 1 e −2βr
(1 − qe −βr ) 2 ,
which has been firstly presented by Sun to fit experimental data of some diatomic molecular systems [1] . Analytical study of the above potential could be interesting since it involves several potential forms (for example, q = 0 gives the Morse potential, q > 0 corresponds to the 'generalized' Hulthén potential, etc.) meaning that we can simply extend the solutions to the ones of these special cases.
The above potential is one of the central potentials which are a powerful ground for experimental and theoretical computations in different areas of physics such as in high energy physics where they were used to describe hadrons as bound states [2] , in atomic physics where some important subjects such as binding energy and inclusive momentum distributions are studied by using of central potentials [3] , in theoretical molecular dynamics model to study the intramolecular and intermolecular interactions and atomic pair correlation functions [4] . Moreover, the central potentials have been used in an important quantum mechanical problem which is also related with quantum information theory, the Fisher uncertainty relation and applied to the hydrogen atom and isotropic harmonic oscillator [5] and also for some theoretical calculations within the information theory to study some statistical quantities such as the Boltzmann-Shannon entropy [6] . The construction of an algorithm could be an interesting problem where the aim is to solve the radial Schrödinger equation
(SE) for a given central potential V (r) numerically [7] .
To our knowledge, the potential under consideration has been studied within the supersymmetric quantum mechanics [8] and in terms of Green's function [9] in non-relativistic domain. We search the bound state spectrum and the wave functions of the above potential by using an approximation instead of the centrifugal term in the same domain. We find an analytical expression for the energy spectrum and obtain the normalization constant by using some properties of the hypergeometric functions. Throughout this work, we restrict ourself to the cases where q ≥ 1 and q = 0 and give our numerical results for two diatomic molecules for different values of quantum number pair (n, ℓ).
The radial Schrödinger equation is written [10] 
where ℓ is the angular momentum quantum number, m is the particle mass, V (r) is the central potential and E nℓ is the non-relativistic energy. Inserting Eq. (1) into Eq. (2) gives
where V 0 , V 1 , β and q are real parameters defined by
where D 0 is the depth of the potential, r 0 is the equilibrium of the molecule and q is the shape parameter.
We use the following approximation [11] instead of the centrifugal term among the others [12] [13] [14] [15] to obtain an analytical solution of Eq. (3)
Defining a new variable z = qe −βr and taking a trial function as R(z) = z
and with the help of Eq. (4), Eq. (3) turns into
where we set the parameters
By using the abbreviations
whose solution is the hypergeometric functions
When either a or b equals to a negative integer −n, the hypergeometric function φ(z) can be reduced to a finite solution. This gives us a polynomial of degree n in Eq. (9) and the following quantum condition
which gives the energy values of the two-term potential for any ℓ-values
where
By using Eq. (10) we obtain the total wave functions
where N is the normalization constant and will be derived in Appendix A.
We summarize our numerical results in Table 1 Now we intend briefly to study some special cases whose energy eigenvalue equation obtained from Eq. (11) by suitable choices of the potential parameters.
Manning-Rosen Potential
The Manning-Rosen potential can be written as [18] V (r) = − Ah
If we write our parameters as
and q = 1 then we obtain the energy eigenvalues of the Manning-Rosen potential
which is the same result obtained in Ref. [19] . The normalization constant in Eq. (13) is obtained from Eq. (A8) as
2 , 1 + 2A
where A
We summarize our numerical results obtained from Eq. (15) in Table 3 where we set the parameters as A = 2b and α = 0.75 to compare the results with the ones given in Ref. [19] .
Please note that the parameter D 0 used in Ref. [19] is zero in the present work since our approximation used for the centrifugal term is different from the one used in Ref. [19] where energy eigenvalues are computed in atomic units.
Standard Hulthén Potential
Eq. (1) gives the standard Hulthén potential for V 1 = 0 and q = 1
and we obtain the energy eigenvalues from Eq. (11)
which is the same result given in Ref. [20] . The standard Hulthén potential in Eq. (16) could gives the Coulomb potential for βr ≪ 1
where we set V 0 = Ze 2 β . We obtain the energy spectrum of the Coulomb potential from Eq. (18) (m =h = e = 1)
which is the same result obtained in Ref. [19] . The normalization constant of the corresponding wave functions is given with the help of Eq. (19) under the above assumptions.
The numerical energy values of the Hulthén potential obtained from Eq. (18) are placed in second part of Table 3 for different quantum number pair (n, ℓ) in atomic units. We choose the parameters as V 0 = β = δ as in Ref [21] .
Generalized Morse Potential
We obtain the generalized Morse potential for the limit q → 0 in Eq. (1)
which gives the following equation for s-waves
Defining a new variable z = e −βr and taking the wave function of the form R(z) = 
which is the Laguerre differential equation
where the factor n should be zero or a positive integer to get a polynomial solution [22] . So, the solution of Eq. (25) are given in terms of the Laguerre polynomials as
where σ = B 2 and n = − 
We get the total eigenfunctions of the Morse potential
and the energy eigenvalues
We present the numerical energy values of the Morse potential obtained from the above equation in Table 3 . We give the results for H 2 molecule (in eV ) by taking the same parameter values to obtain the results given in Table 1 and by setting the potential parameters as
Using the following representation of the Laguerre polynomials [22] 
the normalization condition is written as
which includes the incomplete Gamma function defined as [22] γ(a, x) ≡
Finally the normalization constant is obtained as
III. CONCLUSIONS
We have studied the approximate bound state solutions of the radial SE equation for a two-term potential. We have obtained the energy eigenvalues and the corresponding normalized wave functions approximately in terms of the hypergeometric functions. We have presented our numerical results of the energy eigenvalues of two diatomic molecules in Tables 1 and 2 . We have also studied the analytical bound state solutions of the ManningRosen potential, the 'standard' Hulthén potential and the generalized Morse potential as special cases. We have observed that our all analytical results are the same with the ones obtained in the literature. We have also summarized some numerical results of the energy eigenvalues of the above three potentials in Table 3 and observed that our results are good agreement with the ones obtained before.
IV. ACKNOWLEDGMENTS
This research was partially supported by the Scientific and Technical Research Council of Turkey.
Appendix A: Normalization Constant
The wave functions in Eq. (13) is
which is written in terms of the new variable z = qξ (0 ≤ ξ ≤ 1)
The normalization condition
Using the representation of the hypergeometric functions [22] 2
Eq. (A3) becomes
and
Using the following identity for the hypergeometric functions [22] 
we obtain the normalization constant from Eq. (A5) 
